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Using the momentum dependence of the dressed quark mass and the well-known formulae for
the mass dependent quark-loop contribution to the light-by-light scattering insertions, we compute
the hadronic light-by-light contribution to the muon anomalous magnetic moment. The relevant
momentum running in the quark loop is calculated from the pi0 exchange contribution to the light-
by-light scattering. Special emphasis on the reconstruction of the pseudoscalar transition form factor
is made, and the pi0 contribution to the hadronic light-by-light is, as well, updated.
I. INTRODUCTION
The anomalous magnetic moment of the muon is one
of the most accurately measured quantities in particle
physics. Any deviation from its prediction in the Stan-
dard Model of particle physics is a very promising signal
of new physics.
The present world average experimental value of its
deviation from the Dirac value, i.e., aµ = (gµ − 2)/2, is
given by aEXPµ = 11659209.1(6.3) × 10−10 [1–4]1. This
impressive result is still limited by statistical errors, and
a proposal to measure the muon (g − 2)µ to a precision
of 1.6× 10−10 has been submitted to FNAL [5].
At the level of the experimental accuracy, the QED
contributions to aµ from photons and leptons alone are
very well known. Recently the calculation has been com-
pleted up to the fifth order O(α5em) in the fine-structure
constant αem, giving as result for the QED contribution
11658471.8951(80)× 10−10 [6].
The main uncertainties at present in the Standard
Model calculation for aµ originate from the hadronic vac-
uum polarization (HVP) as well as hadronic light-by-light
scattering (HLBL) corrections. Without being exhaus-
tive, we show representative estimates and their uncer-
tainties for the QED, HVP, HLBL, and the electroweak
(EW) corrections in Table I.
The leading-order (LO) HVP is given by σ(e+e− →
hadrons) data [6, 7] (with errors dominated by experi-
mental uncertainties). Alternatively, the spectral func-
tions of the τ → ντ + hadrons can be used thanks
to their relation via isospin symmetry to the isovector
e+e− → hadrons [7], but the role of τ data is still un-
der discussion (see, for instance, Refs. [7, 13, 14]). A
next-to-leading-order estimate (NLO) based on the same
σ(e+e− → hadrons) data is available [8], and even re-
cently a next-to-next-to-leading order (NNLO) calcula-
tion has been performed [9].
The HLBL, entering at NLO, has two representative
numbers as well [10, 11] which differ on how the partic-
ular subtleties of the calculations are performed (for fur-
∗ Corresponding author: masjuan@kph.uni-mainz.de
1 The quoted number is the recent update in Ref. [4] of the original
published result from Ref. [3].
ther details, see for example the discussion in Ref. [15]).
TABLE I. Standard Model contributions to aµ. The last row
Total collects the different boldfaced contributions.
Contribution Result in 10−10 units Ref.
QED (leptons) 11658471.8951± 0.0080 [6]
HVPLO(e+e−) 692.3± 4.2 [7]
HVPLO(e+e−) 694.9± 4.3 [8]
HVPLO(τ) 701.5± 4.7 [7]
HVPNLO −9.84± 0.07 [8]
HVPNNLO 1.24± 0.01 [9]
HLBL 11.6± 3.9 [10]
HLBL 10.5± 2.5 [11]
EW 15.36± 0.10 [12]
Total 11659182.6± 5.7
The existing discrepancy between the experimental
value for aµ and its Standard Model prediction stands
at about 3σ.
In order to interpret the upcoming new experiment at
FNAL, with an anticipated precision of 1.6×10−10, there
is an urgent need to improve on both the HVP as well
as the HLBL contributions. The accuracy of the HVP
contribution depends on the statistical error of the ex-
perimental data for the e+e− annihilation cross-section
into hadrons. With future experiments, in particular at
BES-III [16], one foresees this error to quantitatively de-
crease. The HLBL cannot be directly related to any mea-
surable cross section however, and requires the knowledge
of Quantum Chromodynamics (QCD) contributions at
all energy scales. Since this is not known yet, one needs
to rely on hadronic models to compute it. Such models
introduce some systematic errors which are difficult to
quantify.
The main motivation of this work is to provide a ball-
park prediction for the HLBL scattering based on a du-
ality argument between the hadronic degrees of freedom
and the well-known quark loop contribution [17–19].
Such a duality estimate can be obtained by invok-
ing a particular regime of QCD where one knows how
to perform the calculation responsible for the aHLBLµ
(Fig. 1). This is the large-Nc of QCD [20, 21] where
a quark-hadron duality is accounted for considering that
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2hadronic amplitudes are described by an infinite set of
non-interacting and non-decaying resonances. As shown
in Ref. [11, 22], the large-Nc limit provides a very useful
framework to approach this problem.
Using the large-Nc counting and also the chiral count-
ing, it was proposed in [22] to split the quark-loop di-
agram of Fig. 1 accounting for the HLBL into a set of
different contributions where the numerically dominant
contribution arises from the pseudo-scalar exchange dia-
gram shown in Fig. 2 [10].
q = 0
q1q2
q1+q2
q3
FIG. 1. Quark loop diagram with running quark mass.
The large-Nc approach however has two shortcom-
ings: firstly, the assumption of pseudoscalar-exchange
dominance implies that the remaining pieces are small
enough to justify their omission. Although this seems
reasonable [11], still the HLBL contribution to aµ in
Table I is larger than the pseudoscalar-exchange one
aHLBL;PSµ ∼ 9 × 10−10 [11, 15], and higher excitations
may be relevant as well, although neglected so far. This
assumption might lead to an underestimation of the fi-
nal HLBL error. Secondly, calculations carried out in the
q1q1+q2
q2
q2 q1
q1
q1+q2
q2
q1
q1+q2
q1+q2
q2
FIG. 2. Pion-exchange contribution to HLBL scattering. The
shaded blobs represent the Form Factor Fpi0γ∗γ∗(q
2
1 , q
2
2).
large-Nc limit demand an infinite set of resonances. As
such sum is not known in practice, one ends up truncating
the spectral function in a resonance saturation scheme,
the so-called Minimal Hadronic Approximation [23]. The
resonance masses used in each calculation are then taken
as the physical ones from PDG [4] instead of the corre-
sponding masses in the large-Nc limit. Both problems
might lead to large systematic errors not included so far
[24, 25].
It was pointed out in Ref. [24] that, in the large-Nc
framework, the Minimal Hadronic Approximation can
be understood from the mathematical theory of Pade´
Approximants (PA) to meromorphic functions. Obey-
ing the rules from this mathematical framework, one can
compute the desired quantities in a model-independent
way and even be able to ascribe a systematic error to the
approach [26]. One interesting detail from this theory
[27] is that given a low-energy expansion of a meromor-
phic function, a PA sequence converges much faster than
a rational function with the poles fixed in advance (such
as the common hadronic models used so far for evalu-
ating the HLBL), especially when the correct large Q2
behavior is imposed.
The Pade´ Theory technique here described will be used
in the present work for updating the pi0 exchange contri-
bution to the HLBL accounting, for the first time, for
a systematic error. The way such contribution will be
derived, in a data-driven approach, provides a simply
way to be updated as soon as new experimental data on
the pi0 transition form factor, the Γ(pi0 → γγ), or experi-
mental information on the doubly virtual form factor will
become available.
This letter is organized as follows. In Section II, we dis-
cuss the way we relate the well-known quark loop [17–19]
with the pi0-exchange contribution to the HLBL materi-
alized by the use of a momentum-dependent quark mass
function provided in Refs. [28, 29]. The duality argument
will be used to obtain the averaged momentum running
in the quark loop which will allow us to provide a ball-
park for the HLBL. The contribution of the pi0 exchange
to the HLBL will be actualized. In Section III ,we col-
lect our main results together with a discussion of the
potential sources of uncertainties in our approach, and
the conclusions.
II. QUARK-HADRON DUALITY ESTIMATE
To perform a quark-hadron duality estimate for the
HLBL contribution to aµ, we now discuss the direct con-
tribution from the quark-loop diagram Fig 1. The dia-
gram with a light-quark running, with a mass of a few
MeV, is only valid in the regime where quarks are not
confined, so in the perturbative QCD regime. This is not
the region dominating the loop integral since we know
that the momentum circulating the loop covers the low-
and high-energy ranges. From quark models, one can
use a constituent quark mass model with mass around
3200 MeV as a rough estimate. Such a value is obtained
after comparing the quark model with the experimental
value of the HVP [30–33]. This would fail, however, to
reproduce the perturbative QCD result at high energies.
One, then, desires a running momentum-dependent mass
to perform such integration.
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FIG. 3. Momentum-dependent dressed quark mass, M(Q),
obtained as a solution of the gap equation within the Dyson-
Schwinger formalism worked out in Ref. [28] extrapolated to
the chiral limit [29]. The horizontal line represents the muon
mass. The band corresponds to a theoretical error of ±15%
on top of the chiral limit (solid red line). See main text for
details.
Ideally, lattice QCD calculations could be able to cal-
culate, from firsts principles, such momentum-dependent
quark masses. As at present lattice QCD calculations are
not yet fully feasible for physical pion masses and large
volumes, our proposal is to use the dressed-quark mass
function M(Q) computed within the Dyson-Schwinger
equation (DSE) framework to finally estimate a ballpark
prediction for the HLBL (see [34] where a full calcula-
tion of the HLBL within DSE is discussed). As shown
in Fig. 3, the solution of the gap equation for a renor-
malized dressed-quark propagator using DSE provides
us with the desired momentum dependent quark-mass
function [28] which is shown in Fig. 3 after an extrapo-
lation to the chiral limit [29]2. Such DSE was fitted to
unquenched lattice QCD calculations of the quark prop-
agator in the Landau gauge [35, 36]. Since the results
of [28, 29] shown in Fig. 3 come from an extrapolation to
the chiral limit from the physical light quark mass regime,
we add a ±10% as an extrapolation error as suggested in
Ref. [35]. On top, since different DSE calculations may
yield slightly different quark-mass functions at low ener-
gies (see, for instance, a more complete study in Ref. [37]
based on quenched lattice simulations — but without chi-
ral extrapolation—as well as the discussion in Ref. [36]
about the different mass functions from unquenched and
quenched lattice studies), and we select Refs. [28, 29] as
our framework, we add an extra ±10% of error to be
statistically combined by the one from the chiral extrap-
olation, resulting in the ±15% shown in Fig. 3.
The full calculation of the quark loop in Fig. 1 with full
dressed propagators based on DSE is a very difficult and
ambitious enterprise (see Ref. [34] for the progress on the
field). Such calculation would yield a precise numerical
evaluation of that contribution to the HLBL with tiny
errors [34]. Our goal here is less ambitious, since we are
heading towards a ballpark estimate for the HLBL. To
simplify the calculation we notice that if one could as-
sume that all momenta running in the quark loop would
be similar, the quark masses would be similar as well [30–
33]. If that would be the case, one could then obtain that
ballpark estimate using the well-known formulae for the
aHLBLµ for spin−1/2 fermions computed in [17–19]:
aHLBLµ (M(Q)) =
(
α
pi
)3
Nc
( ∑
q=u,d,s
Q4q
)[(
3
2
ζ(3)− 19
16
)
m2µ
M(Q)2
+O
(
m4µ
M(Q)4
log2
m2µ
M(Q)2
)]
. (1)
In Eq. (1) we display the result up to first order in
(m2µ/M(Q)
2) but we include all terms up to the fifth or-
der in our numerical calculations [10]. M(Q) represents
the three degenerate light quarks, i.e., in a SU(3) sym-
metric world. Using the same formula, one can account
for SU(3) breaking effects by considering a larger strange
quark mass. The same applies for including the charm
quark in our discussion. These effects will be discussed
later on and included in our final results.
2 We thank the authors of Refs. [28, 29] for providing us with their
results.
To use Eq. (1), we need to determine the average mo-
mentum 〈Q〉 that sets the scale of the problem. For that,
we will relate the hadronic content of the quark loop of
Fig. 1 onto the dominant hadronic piece of the HLBL.
This is the pion-exchange contribution Fig. 2, which is
calculable [10, 39]. This does not mean that the pi0 sat-
urates the whole HLBL while the rest of the pieces can
be neglected, but knowing the pi0 contribution will be
enough for our estimate of the 〈Q〉.
The 〈Q〉 to be used in Eq. (1) is the momentum run-
ning in a quark line, and it is in principle unknown. We
assume that the photon lines carry also an average mo-
mentum Q1 ∼ Q2 ∼ Q. Since the photons in Fig. 1
4are the same as the ones in Fig. 2 with calculable di-
agrams, we can extract the desired 〈Q〉 on the photon
lines from the pi0 contribution to HLBL. We assume then,
for simplicity (as done in quark-model calculations of
the HVP [30–33]), that in average the four quark lines
in Fig. 1 have the same average momentum 〈Q〉 as the
photon lines with Q1, Q2. In reality, while the quark
lines coupled to the external momentum will indeed have
〈Q〉, the other two would have ∼ 0 and 2〈Q〉 respec-
tively. For 〈Q〉 ∼ 0.5GeV, that would correspond to
M(0) ∼ 300 MeV, and M(2Q) ∼ 50 MeV which, in aver-
age, is ∼ 175MeV. That corresponds back to Q ∼ 0.5GeV
since the mass function behaves linearly at low energies
and we profit from it for assuming the four quark lines
to have the same momentum. The real and a priori as-
sumption in this work is to take the two masses to be
equal to their average and substitute them into the quark
propagators. To this assumption is difficult to ascribe a
theoretical error, though, and we will proceed to con-
sider different average procedures for that purpose. The
idea of considering quarks as massive fermions to evalu-
ate the HLBL using Eq. (1) has been already exploited in
Refs. [30–33]. There, the particular quark mass values
were obtained and or crosschecked by the experimental
value of the HVP. Here, we proceed differently, namely,
asking what averaged photon momenta (leading to the
quark mass value) would reproduce the pi0 exchange con-
tribution to the HLBL. Comparison with previous ball-
park estimates [30–32], similar in philosophy, will justify
our a priori assumption with great success.
The aforementioned calculation yields the average mo-
mentum we are interested in by evaluating the first raw
momentum about zero of the integrals accounting for
the two-loop process in Fig. 2. In this averaging pro-
cedure, we consider Q1, Q2 as well as the combinations
Q = (Q1 +Q2)/2 and Q =
√
Q1Q2, and their difference
will be ascribed as a theoretical uncertainty. As we will
see later, the statement 〈Q〉 ∼ 〈Q1〉 ∼ 〈Q2〉 is corrobo-
rated by the calculation.
The relation between the quark loop and the pi0 ex-
change we are invoking should be done carefully. The pi0
contribution to aHLBLµ , the a
HLBL;pi0
µ , has the following
structure at low energies [38, 39]:
aHLBL;pi
0
µ =
(
α
pi
)3 N2cm2µ
48pi2f2pi
(
log2
ΛH
mµ
+ C1 log
ΛH
mµ
+ C0
+O (m2µ/Λ2H)+O(δ)) ,
(2)
where ΛH  mµ is a typical hadronic scale, C0,1 are
constants and δ = (m2pi −m2µ)/m2µ [38]. O(m2µ/Λ2H) and
O(δ) contain log′ s and constant terms [38].
The log2 is universal, comes from gauge invariance
and the chiral anomaly [39, 40], and is not reproduced
by the quark-loop calculation (1). The log term is not
fixed by symmetries and is related to the divergence of
pseudoscalar decay into lepton pairs’ loop (inner blob in
Fig. 2). In Ref. [38] both the log and the non-log terms
were analytically calculated after expanding the diagrams
in Fig. 2 in terms of m2µ/Λ
2
H and δ and assuming a par-
ticular model for the pi0γ∗γ∗ transition form factor. C0,1
and the subleading terms are model dependent and pro-
vided in [38].
To illustrate the role of ΛH , it is noticed that on the one
hand, the pre-factor in Eq. (2) can be written in terms
of ΛH provided that one can establish a relation with fpi.
That relation comes from relizing that the scale is enter-
ing in Eq. (2) due to the presence of the pi0-transition
form factors in Fig. 2, and yields Λ2H = 24pi
2f2pi/Nc [41]
aHLBL;pi
0
µ =
(
α
pi
)3
Nc
2
m2µ
Λ2H
(
log2
ΛH
mµ
+ · · ·
)
. (3)
Fig. 4 explores how Eq. (3) evolves if we artificially
vary ΛH , represented in that figure by a generic scale Λ.
The log2 term (dot-dashed line) is pretty much canceled
by the rest of the terms in Eq. (2), mainly due to the large
coefficient C1 of the log piece [10, 32, 38]. Such cance-
lation is illustrated by the dotted line in Fig. 4 where
the log2 together with the C1 log and C0 pieces are in-
cluded. The long-dashed line includes also O(m2µ/Λ2H)
and O(δ) terms. The cancellation of the log2 term for
M > mpi > mµ was used as an argument in Ref. [32]
to justify that the HLBL can be estimated by the corre-
sponding quark loop function (1).
On the other hand, we can introduce a hadronic scale
in Eq.(1) as well by defining now Λ˜H = 2M(Q) and com-
pare Eq. (1) (blue line) with Eq. (3) (red lines) in Fig. 4
in terms of a generic scale Λ which is introduced for illus-
trative purposes only since ΛH 6= Λ˜H . The Λ variation
in Fig. 4 should not be attributed to Q since that would
imply a Q dependence on fpi which should not be the
case (see, for instance, Ref. [42]), but rather an academic
exercise. Indeed, although the behaviors shown are simi-
lar, the main difference is the relevant scale for each case
(ΛH ≤ 1GeV for Eq. (3), while Λ˜H = 2M(Q) ∼ 400MeV
for Eq. (1)). The fact that both results coincide around
Λ ∼ 0.5GeV is just an indication of the different weights
of the contributions entering into the HLBL. Since the pi0
does not completely saturates the full HLBL, we would
expect to find the scale in Eq. (1) smaller than in Eq. (3)
since ΛH 6= Λ˜H . (See Ref. [32] for further discussions
along these lines.)
Notice that while Eq. (1) contains three flavors which
are taken to be degenerate in Fig. 4 for simplicity (SU(3)
breaking effects will be discussed later), the pi0 contribu-
tion (2) accounts exclusively for the up and down quarks
and knows nothing about the strange. Adding on top
the η and η′ contributions one would effectively take the
strange quark as well into account [43, 44]. A naive es-
timate of SU(3) breaking effects would single out the
strange quark in (1) with a higher mass (for instance
Ms ∼ 300 MeV [30, 31]), and would imply a decrease
in the HLBL prediction of about ∼ 0.8 · 10−10, well in-
side the thickness of the solid blue line in Fig. 4. Fi-
5nally, (1) can also be used to account for the charm mass
contribution to the HLBL. Taking Mc = 1.2(2)GeV,
aHLBL;cµ = 0.4(1) · 10−10.
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FIG. 4. Comparison between aHLBLµ calculated using the ex-
pansion in Eq. (1) up to order (m2µ/M(Q)
2)10 (solid blue) and
the pi0 contribution to aHLBLµ Eq. (3), in terms of a generic
hadronic scale Λ. The leading log2 term in (3) (dot-dashed
red) is compared to the log2 +C1 log +C0 pieces (dotted red),
and with the result including also O(m2µ/Λ2) and O(δ) cor-
rections (long-dashed red).
We will use, instead of a hadronic model for the tran-
sition Form Factors (FF), a sequence of Pade´ approxi-
mants [24] in two variables [45] built up from the low-
energy expansion of the pi0-FF obtained in [25] after a fit
to the experimental data [46–49], to minimize a model de-
pendence. This is a well-defined data-driven approach.
With more experimental data on the pi0-FF as well as
for the Γpi0→γγ the result is straightforwardly updated.
Notice, as well, that Pade´ approximants are well defined
from the mathematical theory, and no ambiguity in how
to built them exists [45]. The FF is considered to be
off-shell (see Refs. [10, 50–54] where this point is ad-
dressed). To match the large momentum behavior with
short-distance constraints from QCD, calculable using
the OPE, we consider the relations obtained in Ref. [55].
In practice this amounts to use for the FFs (blobs in
Fig. 2) the expression:
FP01pi∗γ∗γ∗(p
2
pi, q
2
1 , q
2
2) = a
b
q21 − b
b
q22 − b
(
1 + c p2pi
)
, (4)
where ppi = q1 + q2 and the free parameters are matched
at low energies with the results in [25]: a is fixed by
Γpi0→γγ = 7.63(16)eV from PDG [4] which already incor-
porates the PrimEx Collaboration result [56]; and b by a
matching to the slope api = 0.0324(22) [25]. The param-
eter c characterizes the off-shellnes of the pion and is ob-
tained by imposing, along the lines of the Pade´ method,
that
lim
q→∞F
P01
pi∗γ∗γ∗(q
2, q2, 0) = fpiχ/3 , (5)
where χ = (−3.3± 1.1) GeV−2, with an error of 30% as
proposed in Refs. [10, 53, 55]. The results for the aver-
aged 〈(Q1 + Q2)/2〉 and 〈
√
Q1Q2〉 momenta running in
the quark loop in Fig. 1 using the FFs of Eq. (4) are
shown in Table II, third column, where in parenthesis
we quote the symmeterized errors from the input uncer-
tainties. It is difficult to account for an error estimate
on our simplified assumption of having equal momenta
running in the quark loop (see, however, the justifica-
tions in Refs. [30–32]). To that respect, we remark that
〈Q1〉 = 0.53(6)GeV and 〈Q2〉 = 0.48(2)GeV yielding sim-
ilar results well within the range shown in Table II.
We do not average the results in Table II since that
would reduce the errors. We rather prefer to keep both
and present them as a window of results. The difference
among them is to be understood as a rough estimate of
the theoretical uncertainty due to assuming equal mo-
menta running in the quark loop.
The convergence of the PA sequence to a meromorphic
function is guaranteed by Pomerenke’s theorem [57]. The
problem is to know how fast this convergence is and also
how to ascribe a systematic error on each element of that
sequence. For the particular case of a meromorphic func-
tion (such as a Green’s function in large-Nc QCD), the
simplest way of evaluating a systematic error is by com-
paring the difference between two consecutive elements
on the PA sequence [26].
In our approach to the FF, we evaluate the systematic
error by computing a second element on the PA sequence
[26] and compare it with the result using Eq. (4). The
second element is:
FP12pi∗γ∗γ∗(p
2
pi, q
2
1 , q
2
2) =
a+ b q21
(q21 − d)(q21 − e)
a+ b q22
(q22 − d)(q22 − e)
(
1 + c p2pi
)
,
(6)
with five coefficients to be matched with Γpi0→γγ , the
slope api, the curvature of the pion FF bpi = 1.06(26) ×
10−3 [26], with χ in Eq. (5) and the first vector me-
son resonance Mρ = 0.776(77) GeV (where the error in
parenthesis is obtained with the half-width rule method
which accounts effectively for 1/Nc corrections on me-
son masses when using PDG values in large-Nc calcu-
lations [41, 58, 59]). Strictly speaking, one would need
the third derivative of the form factor instead of the res-
onance mass to construct Eq. (6). Its absence can be
substitute by locating the pole to a given value but only
for high enough elements on the PA sequence, not for the
first one [24].
The results for the average momenta running in the
quark loop in Fig. 1 using the approximant of Eq. (6)
are shown in Table II, second raw, where again the er-
rors are due to the input ones. We assert that the quark
masses produced using Fig. (3) from our average mo-
menta are in excellent agreement with the constituent
quark masses obtained in previous ballpark determina-
tions of the HLBL [30–32] based on the experimental
value of the HVP.
6Indeed, using the HVP model of [30] up to NLO with
M(Q) = 0.167(0.181) GeV and including the charm
quark contribution (+12 · 10−10 with Mc = 1.2(2) GeV),
we obtain aHV Pµ = 775(667) × 10−10, in a SU(3) flavor
symmetric world. The experimental HVP value aHV Pµ =
692(4) × 10−10 [7] seems to prefer M(Q) = 0.181 GeV.
However, if we allow for a SU(3) flavor violation [30, 31]
with strange quark mass Ms = 0.300 GeV (basically
Ms = M + 120MeV [4]), then a
HV P
µ = 692(601)× 10−10
for M(Q) = 0.167(0.181) GeV, being in excellent agree-
ment with [7]. Our HVP can be casted as aHV Pµ =
690(90) × 10−10, with an error of 13% which includes,
effectively, SU(3) breaking effects as well as the uncer-
tainties on the quark mass evaluation. Including an extra
error on the Ms of about ±20% would induce a negligi-
ble error on the quoted HVP result. Our method, then,
yields as an aside result, the value of the HVP including
SU(3) flavor breaking effects.
TABLE II. Collected results for the average momentum run-
ning in the quark loop in Fig. 1, its corresponding mass M(Q)
in Fig. 3, and the aHLBLµ result in accordance to Eq. (1),
Fig. 5, for both P 01 and P
1
2 parameterizations for the Fpi∗γ∗γ∗ .
Charm-quark contribution +0.4(2)× 10−10 is included in the
last column. Errors shown only from input data.
Qi 〈Qi〉GeV M(Qi)GeV aHLBLµ · 1010
P 01 (Q1 +Q2)/2 0.49(6) 0.167(17) 15.7(2.5)√
Q1Q2 0.44(5) 0.181(14) 13.6(1.8)
P 12 (Q1 +Q2)/2 0.48(9) 0.169(25) 15.9(3.8)√
Q1Q2 0.44(8) 0.181(23) 14.0(2.8)
The similarity of the results obtained within both
approximants (4,6) indicates that the low-energy re-
gion (up to 1 − 2 GeV) dominates the contribution to
aHLBLµ [60, 61]. To evaluate the error on our approxi-
mation we look for the maximum of the difference in the
region up to 1 GeV between the P 01 and P
1
2 parameteriza-
tions for Fpi∗γ∗γ∗ as explained in Ref. [26]. Of course, this
difference depends on the energy, and grows as the en-
ergy increases. At 1 GeV, the relative difference is about
5% [43], and we take this error as a conservative estimate
of the error on the whole low-energy region. We should
add this error to the aHLBLµ results shown in Table II.
For comparison with other approaches [11, 33, 34, 40,
50, 60, 62], we quote what would be the pion-exchange
piece to the light-by-light scattering contribution if one
would use the parameterizations in Eqs. (4) and (6) with
such purpose. Eq. (4) yields aHLBL;pi
0
µ = 6.49(56)×10−10
and Eq. (6) aHLBL;pi
0
µ = 6.51(71)× 10−10, in good agree-
ment with the result aHLBL;pi
0
µ = (7.2 ± 1.2) × 10−10
obtained in Ref. [10], but with reduced errors, yielding
one of the most important results in this work. For the
pion-pole contribution (i.e., when the offshellnes of the
pion is swiched-off, c = 0 in Eqs. (4) and (6)), we would
obtain aHLBL;pi
0
µ = 5.52(27)×10−10 and 5.55(34)×10−10,
respectively, in accordance to the result aHLBL;pi
0
µ =
(5.8 ± 1.0) × 10−10 reported in Ref. [40]. These results
reassure the stability of the PA sequence.
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FIG. 5. aHLBLµ results using the expansion in Eq. (1) at or-
der (m2µ/M(Q)
2)8 (dashed blue) and at order (m2µ/M(Q)
2)10
(solid black) in terms of the running quark mass M(Q). The
red point indicates the exact result for the point M(Q) = mµ.
The horizontal band shows the extremes of the ballpark result
from Eq. (7).
III. REULTS AND CONCLUSIONS
To quote a final number for aHLBLµ implies to consider
several sources of errors:
• Firstly, we have the error coming from the ex-
perimental inputs used to build our approximants,
which arises mainly from the fit to the experimen-
tal data on the FF, and the offshellness of the pion.
With the new forthcoming experimental data on
that FF at BES-III [16] we intuit lower input er-
rors on our results.
• Secondly, we have a ±10% error due to the de-
parture from the chiral limit shown in Fig. 3. We
have a second ±10% of error coming from compar-
ing different DSE studies of the momentum depen-
dence on the running quark mass (see discussion
in Sec. II) which yields a combined ±15% error
on the final quark-mass determination with a fixed
momentum. This combined 15% error induces an
impact of about 25% on aHLBLµ (±4.0 and ±3.4
in units of 10−10 for (Q1 + Q2)/2 and
√
Q1Q2 re-
spectively). We are using the DSE to obtain the
momentum dependent dressed quark masses. Once
the lattice calculations will reach the physical quark
mass values, we hope this 15% error will decrease,
7both from chiral extrapolation and the DSE model
dependence.
• Furthermore, we also have a systematic error from
the PA sequence used. We estimate this to be
around 5% (see [43] for details on how to obtain
such estimation). That implies an error on aHLBLµ
about ±0.8 for (Q1 + Q2)/2 and ±0.6 for
√
Q1Q2
in units 10−10. Since both P 01 and P
1
2 parame-
terizations for Fpi∗γ∗γ∗ give almost the same re-
sults for aHLBLµ , no extra error due to the differ-
ence between them should be included on aHLBLµ .
We should remark that the FFs employed here, al-
though constrained by the experimental data, do
not have the correct behavior when both photon
virtualities (q1 and q2) are very large where a be-
havior ∼ 1/(q21 + q22) is predicted [63–66]. This fact
does not affect our calculation since aHLBLµ is very
largely dominated by the low-energy region [60, 61].
• The last source of error considered comes
from the evaluation of aHLBLµ using the order
(m2µ/M(Q)
2)10 in Eq. (1) instead of the full result.
The difference is so smooth, Fig. 5, that no extra
error should be considered so far.
Our ballpark estimate lies then in the range:
aHLBLµ = [13.6(3.9)÷ 15.7(4.8)]× 10−10 , (7)
where the error in parenthesis is the combined system-
atic and input errors as commented above and the two
numbers represent the range due to the two momenta
considered in our computations in Table II. They in-
clude, as well, the SU(3) breaking effects discussed in
Section II. The charm-quark contribution is included us-
ing Eq.(1) setting its mass to be Mc = 1.2(2)GeV. The
numerical window drawn here can be understood as a
rough estimate of our theoretical error on the extrac-
tion of the quark mass with the method discussed in this
work. Combining both results to yield a unique value
would result in a smaller error estimation that would un-
derestimate the impact of the assumptions performed.
We prefer to keep both numbers and understand its dif-
ference as a theoretical uncertainty.
Although different in nature, our ballpark nicely agrees
with previous HLBL estimates [30–32]. Ref. [30] com-
puted the HVP from a quark model and extract the
quark mass M from its experimental value, obtain-
ing M = 179(1) MeV assuming SU(3) symmetry, and
M = 166(1) MeV with SU(3) breaking with Ms =
M + 180 MeV. With such a result, [30] used Eq. (1) up
to second order and found aHLBLµ = 14.3 · 10−10 (with
charm included).
Ref. [31] has a similar philosophy than [30], consider-
ing quarks like massive leptons and obtaining the HLBL
using Eq. (1). The way the quark masses were obtained
is, however, different. The authors studied how their
masses should be to mimic the renormalization group
evolution of the QED coupling [67], and they obtained
Mu ∼ 175 MeV, Md ∼ 178 MeV, Ms ∼ 305 MeV,
Mc ∼ 1.18 GeV, and Mb ∼ 4.0 GeV [67]. This set of
values was crosscheck by calculating several HVP effects
and compared with previous results, comparison used to
obtain a model error [31]. Later on, all this informa-
tion was used to predict aHLBLµ = 13.7
−0.27
+0.15 × 10−10,
although argued that the meaningful result would be its
upper bound, i.e., aHLBLµ < 15.9 · 10−10.
Finally, Ref. [32] considered, as well, that the quark
masses entering in the quark loop in Fig. 1 can be esti-
mated by requiring that the same quark masses correctly
predicts the HVP, assuming again that the quark loop
dominates since the chiral log2 enhancement in Eq. (2),
although not reproducible with the quark loop, is nu-
merically not important. Moreover, they argued that
such log enhancement becomes ineffective if the numeri-
cal values of the quark masses become comparable to the
physical pion mass. They, then, proceed to calculate the
HVP with radiative corrections and fitted to experimen-
tal data to extract the quark masses in a SU(3) symmet-
ric case (finding M ∼ 200MeV) and obtained the range
aHLBLµ = (11.8− 14.8) · 10−10, which effectively contains
radiative corrections in the HLBL.
An immediate conclusion of the discussion above is
that the different ballparks yield very similar quark
masses, being our results M ∼ 180 MeV (SU(3) sym-
metry) and M ∼ 167 MeV (SU(3) breaking) in perfect
agreement. Notice, however, that in our case, as in [31],
the HVP is used as a crosscheck of the values of the
masses but not for extracting them, and takes the advan-
tage of the justifications provided in [30–32] to consider
equal quark masses in both HVP and HLBL. Although
we could not justify our assumption of all the quark
masses having the same average momentum in Fig. 1,
the similarity of results makes a compelling cause for our
procedure.
With this ballpark estimate and the numbers collected
in Table I, we draw a window for the existing discrep-
ancy between the experimental value for the (g−2)µ and
its Standard Model prediction from 3.0σ to 2.6σ con-
sidering the lower and upper extremes of our ballpark,
respectively.
For comparison with approaches that considered a
pseudoscalar-pole contribution (i.e, c = 0 in Eqs. (4) and
(6)) instead of a pseudoscalar-exchange, we also report
what would be our ballpark estimation for such scenario:
aHLBLµ = [9.4(2.4)÷ 12.9(3.0)]× 10−10 . (8)
In summary, we presented a ballpark estimate of the
hadronic light-by-light scattering contribution to the
(g− 2)µ based on a duality argument, and estimated the
average momentum flowing in the quark loop diagram
of Fig. 1 from a hadronic parameterization of the pi0
transition form factor appearing in Fig. 2. This average
momentum, then, allowed us to calculate the momentum
8dependent quark mass in the quark-loop result from
aHLBLµ . We employed the theory of Pade´ approximants
for evaluating the pi0 exchange contribution to the
HLBL and updated their contribution with, for the first
time, a systematic error, aHLBL;pi
0
µ = 6.49(56) × 10−10.
Most of the recent phenomenological calculations
of the aHLBLµ fall into the range obtained in this
work [11, 33, 34, 40, 50, 60, 62, 68, 69], including previ-
ous ballpark estimates [30–32]. The shift of our estimate
due to the offshellness of the pseudscalar (compare
Eq. (7) with Eq. (8) ) suggests further investigations
for such kind of effects. Beyond this, we notice that
contributions of higher pseudoscalar resonances as well
as higher spin resonances not included so far in the
HLBL may explain our slightly higher results in Fig. 5
compared to other determinations. Measurements of
two-photon decay widths of η(1295), pi(1300), η(1405),
η(1475), as well as scalar, axial-vector, and tensor states
would help along these lines.
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